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Factor Models in Finance

® Portfolio value V; = v(x;) a function of risk factors x;. So time ¢t +1 P&L

AV (Axpi1) = v(x¢ + Axer) — v(X¢) (1)
® Typically work with a common factor model, e.g.

Axip1 =Bfr + €4, t=0,1,... (2)

where:
® fir1 € R™ is the common factor (c.f.) random return vector.

® B=[b;... b,,] e R"™™ is the matrix of factor loadings.

o ) n - .
&,.1's € R" are i.i.d. noise vectors.

® Portfolios from many asset classes can be modelled via (1)-(2).
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® Can define a scenario by jointly stressing any number k < m of the c.f. returns.

e.g. Consider a portfolio of futures and options on the S&P 500. A scenario might
consist of:

® Shift of -5% to value of S&P 500
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® Can define a scenario by jointly stressing any number k < m of the c.f. returns.

e.g. Consider a portfolio of futures and options on the S&P 500. A scenario might
consist of:

® Shift of -5% to value of S&P 500

® Parallel shift of +10 percentage points to implied volatility surface.

® Risk / portfolio manager often doesn’t have an explicit model like (2) at hand.
® Especially true for portfolios containing derivative securities.

® Only a subset of factors - say first [ < m - are ever considered for stressing.

® |n that case SSA works with a “model” of the form

1:1
AXI,+1 = Bl:lft+]



A Portfolio of Options and Futures on the S&P 500

[Underlying [SPX Index 7|
Underlying and Volatility Stress Table

Sum of PnL Vol Stress |~

Underlying Stress [~ -10 -5 -2 -1 0 1 2 5 10
-20 13,938 11,774 10,631 10,277 9,936 9.608 9,293 8419 7183
-10 6,109 4946 4436 4291 4158 4,035 3922 3634 3,296
5 1,831 1,652 1,637 1643 1,654 1670 1,689 1,766 1,946
-2 (314) 89 356 447 533 631 723 1,001 1,461
-1 (920)  (338) 15 132 248 363 478 816 1,361
0 (1.463) (714) (280) (139) 0 137 273 668 1,293
1 (1.939) (1.,038) (527) (363)] (203) (45) 110 559 1,289
2 (2.346) (1,300) (723) (539) (359) (182) (9) 489 1,258
5 (3.125) (1,744) (1,003) (769) (541) (318) (102) 518 1,460
10 (2.921) (1,297) (423) (146)] 123 385 641 1,372 2483
20 2344 3559 4272 4506 4,738 4,967 5194 5860 6,919

® Table shows an SSA with P&L for simultaneous stresses to S&P 500 and parallel
moves in implied volatility surface.

® Other factors could be stressed via steeping / flattening of volatility skew and /
or term structure.



Problem Motivation
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Problems with Standard Scenario Analysis

. SSA only produces a point estimate of scenario loss - typically interpreted as an
expectation of portfolio loss in a given scenario.

. SSA implicitly assumes ,
ff+1 ‘ (Ftv f?+1) =0

where f7,; and ffil denote stressed and unstressed c.f. returns, resp.
. Could develop a model and set
o = Be[f | £]. 3)
But (3) ignores uncertainty in &,,, and ffil | (F, fi1).
. SSA generally not back-tested since scenarios (typically) have zero probability.

. SSA not robust to misspecified factors.

. SSA not robust to adversarial portfolio selection.
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Research Goals / Contributions

® Go beyond SSA by insisting on quantiles and hence prediction intervals (Pls) for
scenario losses.
® Pls are probability forecasts and hence amenable to backtesting via e.g.
proper scoring rules.

® Provide coverage guarantees for the Pls
® Conditional guarantees via a new non-parametric kernel-based algorithm.

® Marginal guarantees via conformal prediction methods.

® Address issues with SSA.



Scenario Analysis with Uncertainty Quantification

Uncertainty Quantification

. . for Scenario Analysis
Standard Scenario Analysis

More

information in
Pls

[85, 91]

2 =
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The Pinball Loss Function

Definition 1
The pinball loss function £5(-,-) for Y,y € R and quantile level 8 € [0,1] is

Cp(Yy)=B-(Y -y)" +(1-5)- (y-Y)".

® Pinball loss function is piecewise-linear and convex.

® |t is also a proper scoring rule for the S-quantile Q3(Y") of Y so that

Qs(Y) = argg{}inE[fﬁ(Y, vl

12



Kernel Scenario Analysis

® Have a history vector Hp = (xr,fr).
® Feature vector Wy, 1(z) := (Hr,z) where z := £, is subset of c.f. returns
stressed at time ¢ in given time ¢ + 1 scenario.

® KSA algorithm takes as input a kernel x(-,-) and expectation predictor ¢ for
scenario loss.

13
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Algorithm Kernel Scenario Analysis (KSA)

Input: Target confidence 1 — «

1:
2:

3:

4:

fort=1,...,7 do
Set Wt <~ (Ht,l,zt)
Set Y, « L, — (W) (loss residual)
end for
For 8 € [0,1] define empirical pinball loss function
— T (W, ls(Y;
o) < T AOVLw) (%)
Yo k(Wi w)
Set Wry1(z) « (Hr,z)

For 8 e {a/2,1 - a/2} compute empirical quantiles

Qr(Wri(2); B) « argfﬂfgin Or(y, Wr.1(2); B)
ye

Return prediction interval (PI)

Cr(z) < e(Wrii(2)) + [Qr(Wrii(2);a/2), Qr(Wri(z);1-/2)]




Kernel Scenario Analysis

Assumption 1

{W}20 is a stationary process.
Independence of Yy | Wy's.

{Wi} 2o ¢-mixing and time reversed ¢-mixing.

Kernel function n exists so that n(w,w) =1 and 0 < n(w,w") <1 for w,w’ e W.

Also have
DTv(Tl'y‘W(- | w)Hﬂ'y‘W(~ | w')) <l-n(w,w'), Yw,w eW,

Other (mild) technical conditions

15



Kernel Scenario Analysis

Theorem 1
Under Assumption 1, for any § > 0, any scenario z, and for sufficiently large T,
Prry (Lrs1 € Cr(z) | Wria(2)) - (1-a)] <

). (1 B [K(W, Wraa(2)) - n(W, WTA(z))])

Ew [k(W, Wr1(2))]
bias
16
logT (1+2%i, ¢(k))\/10g? 1
VT % ()
variance

with probability at least 1 - 6.



Adaptive Conformal Scenario Analysis
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Adaptive Conformal Scenario Analysis

Conformal prediction algorithms developed to provide prediction intervals
(regression) or prediction sets (classification) with valid coverage guarantees and
minimal assumptions.

Often applied to both probabilistic methods, e.g. logistic regression, and
non-probabilistic methods, e.g. deep learning, random forests.

Main focus on IID data but algorithms recently developed for time-series data.

We adopt algorithm of Gibbs and Candés (2021) to scenario analysis setting
® Model agnostic and takes as input a quantile predictor g;.

18



Algorithm Adaptive Conformal Scenario Analysis (ACSA)

Input: Target confidence 1 — «, step size 7y, quantile predictor g;
1: Set 1 =«
2. fort=1,...,7 do
3:  For any stress scenario z, construct prediction interval
Ci(z) < [9:(Wi1(2); 8:/2), g:(Wia(2);1 - B/2)]
4. Observe L1 and z:11, and compute

erresr < L{Liw1 ¢ Co(Ze41)}

5. Update
Bie1 < Be +v- (a0 —erri)

6: end for




Adaptive Conformal Scenario Analysis

Assumption 2

Quantile predictor g.(Wi11(2z); 8) satisfies

P(Lir € [9:(Wies1(2);0), ge(Wes1 (2); )] | Wera (2)) = 1.
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Adaptive Conformal Scenario Analysis

Assumption 2

Quantile predictor g.(Wi11(2z); 8) satisfies

P(Lir € [9:(Wies1(2);0), ge(Wes1 (2); )] | Wera (2)) = 1.

® Extend g; for 8 ¢ [0,1] via

oy | 9¢(Wia(2);0), for 8 <0
gt(Wt+1(Z)7/B)—{ gt(Wﬂ-i(Z);l), for B> 1.

Theorem 2 (Gibbs and Candés 2021)
Under Assumption 2, the prediction interval Ci(-) generated by Algorithm 5 satisfies

max{a,1 —a} +~

1 T
?;1{Lt+1 €Ci(zes1)} - (1 —a)‘ < T—'y a.s.

In particular, as T" — oo, the empirical coverage rate converges to 1 — « a.s.
20



Adaptive Conformal Scenario Analysis

® Theorem provides a calibration / coverage guarantee.

® It says nothing about sharpness / precision, i.e. width of Pls, which depends on
quality of g;.
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Adaptive Conformal Scenario Analysis

® Theorem provides a calibration / coverage guarantee.

® It says nothing about sharpness / precision, i.e. width of Pls, which depends on
quality of g;.

e.g. Suppose g: returns a constant C for any 3 € (0,1) and L: a continuous r.var.
® Then (.'s deterministic and

N EeXei) if B € (0,1)
Ce(ze+1) = { Supp(L¢+1), otherwise.

® Ci(zt+1) = Supp(Lis1) at least 100 x (1 — )% of the time.

® Better g:'s generally producer sharper Pls.

21



But ACSA Only Provides a Marginal Guarantee

Coverage Guarantee

e
/ /Zt /
_~
Z v Z
Zyo \

Ziq

No Coverage

Guarantee

t-1 t t+1
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Numerical Experiments
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Numerical Experiments

® Portfolio consists of equal positions on approx 90 European options on S&P 500
and S&P 500 itself.

® Ground truth is
Axiy1 = Bfigr + £t+1'

® Common factor return f,; € R*

® First component fﬁ)l is log return of S&P 500 with daily vol ~ Garch(1,1)

® Other components are implied volatility factors and satisfy

20 - GFIPY ey
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Numerical Experiments

Portfolio consists of equal positions on approx 90 European options on S&P 500
and S&P 500 itself.

Ground truth is
Axiy1 = Bfigr + £t+1'

Common factor return fy1 € R*
® First component fﬁ)l is log return of S&P 500 with daily vol ~ Garch(1,1)
® Other components are implied volatility factors and satisfy
20 - GFIPY ey

(1:2)

i+1 .+ i.e S&P 500 return and first implied volatility

Scenarios are joint stresses to f,
factor.

24



Numerical Experiments

Algorithm

Variants

Coverage

Pl Length |

CRPS |

Oracle

90.0%

2.56

0.452
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Numerical Experiments

Algorithm Variants | Coverage | Pl Length | | CRPS |
Oracle 90.0% 2.56 0.452
Empirical quantile Vanilla 72.4% 15.32 0.653
SSA 77.1% 12.38 0.631
Linear-g¢ 91.3% 8.63 0.572
ACSA NN-g;: 90.9% 4.14 0.519
Oracle-g; 90.4% 2.73 0.464
=0 84.5% 417 0.482
SSA-p; 87.2% 3.31 0.474
KSA Hi =i NN-¢; 89.6% 3.14 0.469
Oracle-¢p; 89.7% 3.09 0.461
o H, =f" ] 887% 3.43 0.471
KSA NN-¢; misspecified H, - fﬁm) 84.29% 317 0.498
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Consistency of ACSA and KSA

Parallel Shift
Mkt | -1.5 -1.0 -05 0 05 10 15
-3 -51 -43 -23 -07 11 26 54
-2 46 -37 -19 -05 05 17 41
-1 25 -17 -04 04 07 15 36
0 -1.3 -05 03 09 13 17 29
1 0.7 1.1 1.1 14 23 24 27
2 23 2.4 24 26 31 44 53
3 42 46 409 54 6.2 6.8 75

ACSA with Oracle g;

Parallel Shift
Mkt | -1.5 -1.0 -05 0 05 10 15
-3 -50 -44 -22 -09 08 25 51
-2 -45 35 -22 -08 02 15 42
-1 27 -16 -08 05 09 15 39
0 -1.1 -05 -01 08 11 14 28
1 0.8 1.3 1.4 15 20 22 27
2 2.0 2.3 24 28 29 39 438
3 44 45 4.8 52 6.1 69 7.2

KSA with Oracle

26



ACSA with Oracle vs SSA

Parallel Shift
Mkt | -1.5 -1.0 -05 0 05 10 15
-3 51 -43 -23 -07 11 26 54
-2 46 -37 -19 -05 05 17 41
-1 -25 -17 -04 04 07 15 36
0 -1.3 -05 0.3 09 13 17 29
1 0.7 1.1 1.1 1.4 23 24 27
2 2.3 2.4 24 26 31 44 53
3 42 46 49 54 6.2 68 75

ACSA with Oracle g+

Parallel Shift
Mkt | -1.5 -1.0 -05 0 05 10 15
-3 -28 -23 -16 -08 03 15 3.0
-2 22 -19 -14 -08 00 10 21
-1 -1 -13 -10 -05 00 08 1.7
0 -06 -05 -03 00 04 09 16
1 04 05 0.6 07 10 13 138
2 15 1.5 1.5 1.6 18 20 23
3 2.5 2.6 2.6 26 27 28 30

Standard Scenario Analysis
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Conclusions and Further Research

Conclusions

Two algorithms for scenario analysis prediction intervals:
1. ACAS algorithm - simple application of Gibbs and Candés (2021) from conformal
prediction literature
® Model agnostic. Marginal coverage guarantees.

2. KSA algorithm using ideas from non-parametric statistics and uncertainty
calibration literatures

® Conditional coverage guarantees. Not good with extreme scenarios.
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Conclusions

Two algorithms for scenario analysis prediction intervals:

1. ACAS algorithm - simple application of Gibbs and Candés (2021) from conformal
prediction literature

® Model agnostic. Marginal coverage guarantees.

2. KSA algorithm using ideas from non-parametric statistics and uncertainty
calibration literatures

® Conditional coverage guarantees. Not good with extreme scenarios.

1
3. Adaptive KSA algorithm. Convergence rate of O (t ‘lw+2) for coverage

guarantee when:
® Stationary distribution of {W;}{2q is Gaussian.

® kn, and n RBF kernels with h; decreasing in t.

Ongoing Research
® More extensive numerical experiments.

® Combining ACSA with KSA.
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Thank you!
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