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Main findings
e Standard estimation method on market Impact models could
be "inefficient."
® For Almgren-Chriss model, there is an "optimal" calibration

® Insight: early price trajectory helps with calibrating impact
functions for a general class of market impact models (recently
[Eisler and Muhle-Karbe, 2024])
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What is Market Impact

® Three key components of investment performance
[Ferraris and AG, 2011]
® Alpha
® Risk
® Cost
e Alpha and Risk subsume the vast majority of quant research
e Cost is "widely discussed but rarely measured"
[Almgren et al., 2005]
® Yet it is "a large determinant of investment performance" :

® realization of active investment strat
® realization of liquidity
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Transaction Cost

Transaction/Trade Cost falls in two categories:
¢ Direct Cost: can be explicitly stated and measured, e.g.,
Commissions, fees, taxes
® Indirect Cost: can not be explicitly measured. For example:

® Impact of trader's own action — Market Impact
® (less so) opportunity/timing cost, spread/delay risk etc
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Market Impact: Why is it important

Widely recognized as a substantial factor in reducing investment
strategy (notional performance) [Ferraris and AG, 2011]

® The average cost of a US large cap trade from 2003-2008 is

23bps = 9bps(commssions) + 14bps(market impact/slippage)
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Market Impact: Why does it happen

e Liquidity consumption from Limit-Order Book (LOB);
Fluctuations from supply-demand equilibrium

® Short term correlation between price changes and trades
[Bouchaud, 2010]

¢ reveal of new/private information ([Kyle, 1985]) (optimal
execution is incremental— split of metaorders into child
orders, modern EMM)
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Market Impact: Observed robust/universal properties

"Quite remarkable that the square-root impact law appears to hold
approximately in all cases" [Téth et al., 2011]

® Square-root law: Price change «x o VLD

® Power laws :Price change J(VLD)(S ("power-law best fit all
points" : across mkt.cap size, asset class, a uniform
price-impact curve [Lillo et al., 2003], typically 0.4 < § < 0.7)

® Concave nature: "non-linear concave function of its size,... is

robust, being observed for several markets and execution style"
[Zarinelli et al., 2015],( they used log)
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Market Impact Modeling

® Research effort on designing
=) - market impact models

® Consistent with observed
properties

® No arbitrage (trading cost
non-negative)

® QOptimal execution strat

—“vnoTVOoZZ—

derivation
o o, @ o ® Modeling based on LOB
Figure 1: Price shift, Ap, plotted ([Alfonsi et al., 2010])
against normalized transaction size, ® Modeling based on MFG
w for buyer initiated trades for 20 (mean field game
groups of stocks [Lillo et al., 2003]. [Cardaliaguet and Lehalle, 2018]

® Modeling based on Price
(most prevalent )
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Price dynamic during execution

Most generally, consider a volume weight average price (VWAP)
execution strategy (constant trading rate), the price follows

t
St =So+ pe(t,v) + / odWs
~— 0

price impact
randomness / volatility

Here v is trading rate and t is trading time. 6 is the model
parameter.

e Almgren-Chriss Model [Almgren and Chriss, 2001]

® Propagator Models [Gatheral, 2010, Bouchaud et al., 2006]
Very few studies on estimation.

® Metaorder is private/proprietary

® Public data has inherent drawback (unknown info, "partial
view" [Zarinelli et al., 2015])
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Why is estimation important, [Ferraris and AG, 2011]

Accurate modeling of Market Impact — better execution strategy
¢ Under-estimate cost — trade too fast

e Qver-estimate cost — trade too slow
a2A

[Schied and Schéneborn, 2009] : best liquidation x; = Xe V2
e 7 if off by 10% — off-target by 6.88% (T = 0.2)
e 7 if off by 5% — off-target by 3.36% (T = 0.2)

pre-trade cost estimation — investment decision/capacity
® Market model determine capacity of funds — protect alpha
e Larger trader — higher impact + low alpha
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How to judge the efficiency of estimation

Quick review, Example X1, ..., X, ~ N(6,02), estimate 6

e X , the sample average

® Many other estimator (i.e., shrinkage)

e /n(X —6) — N(0,02) (CLT, consistency, asymptotic
normality)

® asymptotic rate n~2 with constant (%)_1 (Cramer-Rao, can
not do better)

* X is sufficient

® X is maximum likelihood estimator (MLE)
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How to judge the efficiency of estimation

Regular statistical experiment

® Fisher information matrix ;
1(6) = By |:<8/(d;;a|9)> (al(daa;a\é)) ] ‘

® MLE performs best asymptotically, achieving the lowest

possible factor 7% (fye) with n™2 rate

o Vn(OuLe — Orrue) > N (0,17 (Berue))
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Design of experiment

MLE depends on what you observed — experimental design
* '"bigger" fisher information matrix Iexp1(6) = Lexp2(?)
e "smaller" asymptotic for any c(6)
o /n(c(Bmie) — c(6%)) — N(0,VocT (%) - I71(6%) - Voc(6*))
© VocT(0) I p(0) - Ve(8) < VocT (8) - I 15(0) - Ve(6)
If you can obeserve all the data, then MLE based on any sufficient
statistic of data ¢(data) has the same Fisher formation
® Lgata(0) = Ly(data)(0) for sufficient ¢(data)
® Tyata(0) = Lyy(data)(0) for general function ¢(data) (you lose
information)
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Almgren Chriss Model

The Almgren-Chriss model remains one of the most popular and
influential model since introduction [Almgren and Chriss, 2001]:

t
St =So + So(g(v)t+ h(v)) + 500/ dWs, whent < T
0

t
St =So + Sog(v)T + Soa/ dWs, when t > T. (1)
0

e T is end-trading time (all scaled by vol time).
® g is the "permanent" impact g(v; 0) = yv® (originally taken
to be linear a = 1)
® his the "temporary" impact h(v;8) = nv?
Power law is "extremely broad". (0.6 in favor of 0.5 for ).
[Almgren et al., 2005]
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Established method of estimation on Almgren Chriss

One of the few estimation paper, the method proposed in
[Almgren et al., 2005] is based on statistic /, J

Sr....—S . . :
o | = % "permanent impact" (price reverted a while
after the trade)

S Sedt—So .o " . :
® J=—5—, "realized impact" (average price for execution)

Estimation procedure

® Non-linear least square fitting, jointly on (/,J) across private
data, by Gaussian-Newton

¢ Equivalent to MLE based on (/, J)
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Sufficient Statistic for Almgren Chriss

Main theorems for Almgren-Chriss model

® The sufficient statistics (with most "information") is
SAty STy STpost
® Three points S;,..., ST, ST, is sufficient for {St}tet

® Two points are not enough (inconclusive)

® For Sat, ST, 5T,0u: as long as % < %, it is strictly more

efficient than I, J.
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lllustration [Ferraris and AG, 2011]

M Permanent impact M Temporary impact Spread cost
18 t=0.25T
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Figure 2: Simulation verification of theorem

Market Impact Esti



Main Results
[e]e]elele] lelelelelele)

Simulation

Avg estimate 6 Theoretical SE(6) Empirical SE(0)
(average over 1000 simulations) (avg. of hessian implied SD) (SD of estimate over 1000 sim)

Method a B P ol i 8 5 ml e B o il
M =50

Almgren 1.1227 0.6678 14.3141 0.7729 1.2663 0.5012 45.6219 1.2037 1.5315 0.6933 48.5203 3.8350

Two Point 1.1336 0.7353 12.0443 4.6894 1.7610 1.1619 61.8151 19.0205 1.4393 1.0526 42.5171 28.3513

3p Optimal 1.0072 0.6384 10.5504 0.8011 1.6842 0.4542 43.9538 0.3884 1.4149 0.4618 80.1685 1.4073

3p Late 1.1294 0.7185 11.8904 5.3670 1.7459 1.1094 60.8729 23.3794 1.4432 1.0632 43.7161 33.7297

Four Point 1.0072 0.6384 10.5504 0.8011 | 1.6842 0.4542 43.9537  0.3884 1.4149 0.4618 80.1685  1.4078

Figure 3: Simulation verification of theorem

Example: Suppose (v*,n*, a*, %) = (0.314,0.142,0.891,0.600)
and (X, v, T, Toost, o) = (0.1,0.5,0.2,0.275, 1.57).

® Three point for t = 0.1 T more sample efficient over Almgren

® 21% for a, 51% for 3
® 20.6% for ~y, 51.5% for n
® 18.5% for cost estimation
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The Propagator Model

Discrete [Bouchaud et al., 2003], continuous [Gatheral et al., 2012]

t t
st:50+/ f(v)G(t—s)ds+a/ dWs.
0 0

® |mpact is neither permanent nor temporary, but transient
® f: instantaneous impact, G: decay kernel

® G decreasing from 0 to oo with different tail
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Properties of Propagator Models

Some peoperties of propagator models
® consistent with empirical properties (concavity,decay)

® Notable choice of f and G

® power-law f(v) ox v%, power-law decay , G(s) o s~
(square-root law: § = v = 0.5) [Gatheral et al., 2012]

® linear f(v) ox v and exponential decay G(s) x e™*°. First
transient model [Obizhaeva and Wang, 2013], links to LOB

e logarithmic f(v) o log(v/w) and G(s) o< lo(lo +s)™7 or
G(s) o (I3 +s%)77/2. Here v ~ 152, related to the exponent
of auto-correlation among trade [Bouchaud et al., 2003].

® Many others (Gaussian kernels, etc), solving Fredholm
equations for optimal execution (open),...

Market Impact Estimation



Main Results
000000008000

Calibration of Propagator Models

The unique sufficient statistic is the full price path {S;}o<i<T
For just calibrate f, it is suggested in [Curato et al., 2017] that one
should vwap J = vaT Sidt — XSg.

® How many points on the path is good enough? Two?

Theorem
For calibrating f, we have Is, s, (0) —1,(0) > 0 if

(JE6(t)de)> ([, G(t)dt)?
)

Market Impact Estimation



Main Results
000000000 e00

Empirical Verification

Similar type result for "early" observation, in calibrating impact f
® Examplel: For decay kernel G(s) = s~ with y =0.4
[Bouchaud et al., 2003], we have Is, s, (6) > 1,(6) when
2.11-107* < £ <0.279.

\ I 7 =035 | v =045 [7=05] =055 | v=065 | v=0.5 |
e | T=YT[897-10-"<7<0369 941 107 <7<0252 g§| §0257‘T<0279|T<0301|

e Example 2: For G(s) = e~ "®, the comparison depends on
specific values of t and T, not just their ratio 7. However,
t, T — oo but + — 7, then Is, 5, (0) > 1,(0) as long as
1

<7
T=3
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Sampling Strategy, more trajectory data

Empirical Studies: power-law kernel G(s) = s~ with v = 0.4
[Bouchaud et al., 2003, Busseti and Lillo, 2012] and power-law
impact f(v) = v with § = 0.6 [Almgren et al., 2005]

o s _ 0651

[Teull datals,s

® pick t; =0.125T, t, = 0.25T, t3 = 0.625T

‘ ‘ St1s ST ‘ St ST ‘ Sty ST | St1s Stss ST ‘ St15 iy, ST ‘ Stss Styy ST ‘ St1sStay Styy ST |
[ 5./ Tsmnlss | 0.689 | 0.657 | 0595 | 0.700 | 0.698 | 0.661 | 0.704 |

Figure 4: Comparison of F.l. in terms of ratio for calibrating
power-law impact
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Miscellaneous result

® Seemingly some diminishing return effect
e carly point not necessarily useful for calibrating kernel G:
® pick t; =0.125T, t, =0.25T, t3 = 0.625T

Sess ST Stz St Sty 51 561yt 87 | St,3843, 51 | 842250, Sr | Sty1 St Sty St
I1Zs2 T2 |2 3.025 1.769 1.426 1.732 1.219 1.137 1122
Ze.c/Tsunlec 1-1.258¢-5 | 1-8.184e-6 | 1-5.590e-6 | 1-7.962e-6 | 1-3.376e-6 | 1-2.274e-6 1-2.051e-6

Figure 5: Comparison of F.l. in terms of ratio for calibrating of
kernel G(s) o< e=# in [Obizhaeva and Wang, 2013]

® For calibrating square-root law:
* u(T,v)ox (vT)z = X°
.« g2 E[v [ Stdt XSl o x5

o s.(86) > ())(6) f 6 > ()3 — 1~ 0.732
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Limitations

Model Misspecification: No true model

® MLE minimizes the KL-divergence
Ok = arg mingeo Dk (FI|F(0))

2
® 0* = argmingcg fJE[(aM(t :v) — (S t, V)) ]dt

® |nformation matrix equivalence theorem no longer hold

°* A)2E {(al(daagale)) (al(dggaw)> T]

° B(9) 2 _E{azl(gggale)}
A(0) # B(0) during misspecification
* asymptotic var (scaled by n=9%) B=1(0x, )A(05, ) B (0%.)
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Thanks

Thanks! Paper link (Quantitative Finance volume 24, 2024):
https://www.tandfonline.com/doi/full/10.1080/14697688.2024.2351457
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